PIERI RULES FOR THE A-THEORY OF COMINUSCULE 

GRASSMANNIANS 

ANDERS SKOVSTED BUCH AND VIJAY RAVIKUMAR 

^~V Abstract. We prove Pieri formulas for the multiplication with special Schu- 

bert classes in the it-theory of all cominuscule Grassmannians. For Grassman- 
nians of type A this gives a new proof of a formula of Lenart. Our formula 
is new for Lagrangian Grassmannians, and for orthogonal Grassmannians it 
proves a special case of a conjectural Littlewood-Richardson rule of Thomas 
and Yong. Recent work of Thomas and Yong and of E. Clifford has shown that 
the full Littlewood-Richardson rule for orthogonal Grassmannians follows from 
the Pieri case proved here. We describe the it-theoretic Pieri coefficients both 
C J ' as integers determined by positive recursive identities and as the number of 

^^ ' certain tableaux. The proof is based on a computation of the sheaf Euler 

characteristic of triple intersections of Schubert varieties, where at least one 
C^ , Schubert variety is special. 
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1. Introduction 

> 

(y-v ■ By a cominuscule Grassmannian we will mean a Grassmaim variety Gr(m, n) 

of type A, a Lagrangian Grassmannian LG(n, 2ri), or a maximal orthogonal Grass- 
VO ■ mannian OG(n, 2n + 1) = OG(n + 1, 2n + 2). The goal of this paper is to prove 

(old and new) Pieri rules for the multiplication by special Schubert classes in the 
I/"") ■ Grothendieck ring of any cominuscule Grassmannian. 

^D \ Any homogeneous space X has a decomposition into Schubert varieties A A , 

which for cominuscule Grassmannians are indexed by partitions A = (Ai > • • • > 
A^ > 0) in a way so that the codimension of A A in A is equal to the weight 
|A| = J2X l . The Schubert classes [A A ] E iJ 2 l A l(A;Z) defined by the Schubert 
varieties give a Z-basis for the singular cohomology ring H*(X) = H*(X; Z). This 
jJJ ■ ring is furthermore generated as a Z-algebra by the special Schubert classes [X p ] 

given by partitions with a single part p. The Littlewood-Richardson coefficients 
c\ are the structure constants for H*(X) with respect to the Schubert basis, i.e. 
they are determined by the identity 

(1) [A A ]-[A^]= Y, C U^] 

IH=|A|+M 

in H*(X). Each coefficient cK in this sum depends on the type of the Grass- 
mannians X as well as the partitions. It is equal to the number of points in the 
intersection of general translates of the Schubert varieties X , A p , and X v , where 
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v v is the Poincare dual partition of v. This gives the identity 
(2) cL = / [X X ] ■ [*"] ■ [X» V ] 



x 

when |z/| = |A| + |/i|. The Littlcwood- Richardson coefficients of cominuscule Grass- 
mannians are well understood and are described by variants of the celebrated 
Littlewood- Richardson rule, see e.g. [2TJ [ITJ EH |6] and the references given there. 
The cohomology ring H*(X) is generalized by various other rings, including the 
equivariant cohomology ring H^(X), the quantum cohomology ring QH(X), and 
the Grothendieck ring K(X) of algebraic vector bundles on X, also called the K- 
theory of X . Every Schubert variety X x has a Grothendieck class O x = [Ox*] in 
K(X) (see f}2|) and these classes form a basis for the Grothendieck ring. We can 
therefore define K -theoretic Schubert structure constants for X by the identity 

(3) A .(^ = 5>^(T. 

V 

The coefficient c\ is non-zero only if |f| > A| + |/j|, and for \v\ = \X\ + \fi\ it agrees 
with the cohomological structure constant of the same name. The if -theoretic 
structure constants have signs that alternate with codimension, in the sense that 
(_l)kH-M-H c v > 0; this was proved by the first author for Grassmannians of 
type A [3] and by Brion for arbitrary homogeneous spaces [5] . If X is a Grassmann 
variety of type A, then several Littlewood-Richardson rules are available that ex- 
press the absolute value | c\ | as the number of elements in a combinatorially defined 
set [3j [TBI [3 [24] . An earlier Pieri formula of Lenart [18] shows that the coefficients 
c v x , that describe multiplication with the special classes O p , are equal to signed 
binomial coefficients. For Lagrangian and orthogonal Grassmannians it is known 
how to multiply with the Schubert divisor O , by using Lenart and Postnikov's 
if -theoretic Chevalley formula which works for arbitrary homogeneous spaces |19) . 
More recently Thomas and Yong 24] have conjectured a full Littlewood-Richardson 
rule for the if-theory of maximal orthogonal Grassmannians based on if -theoretic 
jeu-de-taquin slides. No such conjecture is presently available for Lagrangian Grass- 
mannians. 

The main results of this paper are if-theoretic Pieri rules for maximal orthogo- 
nal Grassmannians and Lagrangian Grassmannians. These rules are stated in two 
equivalent versions. The first is a set of recursive identities that make it possible to 
compute any coefficient c v x from simpler ones in a way that makes the alternation 
of signs transparent. The second is a Littlewood-Richardson rule that expresses 
c a J as ^ [ie number of tableaux satisfying certain properties. For maximal orthog- 
onal Grassmannians, Itai Feigenbaum and Emily Sergei have shown us a proof that 
these tableaux are identical to the increasing tableaux appearing in the conjecture 
of Thomas and Yong [24], which confirms that this conjecture computes all Pieri 
coefficients correctly. The tableaux being counted for Lagrangian Grassmannians 
are new and contain both primed and unprimed integers; it would be very interest- 
ing to extend this rule to a full Littlewood-Richardson rule for all the if -theoretic 
structure constants. While the cohomological Schubert calculus of Lagrangian and 
maximal orthogonal Grassmannians is essentially the same, our results show that 
these spaces have quite different if -theoretic Schubert calculus. For example, we 

v 

prove that the if-theoretic structure constants c\ for orthogonal Grassmannians 
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are invariant under permutations of A, /i, and v, but show by example that this 
fails for Lagrangian Grassmannians. 

Thomas and Yong have conjectured a A"-theoretic Littlewood-Richardson rule 
for all minuscule homogeneous spaces, and proved that their rule is a consequence of 
a well-definedness property of a jeu-de-taquin algorithm, together with a proof that 
their conjecture gives the correct answer for a generating set of Schubert classes 
[24) . For maximal orthogonal Grassmannians, the well-definedness property has 
later been proved by Thomas and Yong [35] and by Edward Clifford [5] . Since the 
special classes O p generate the i^-theory ring, the Pieri rule proved here provides 
the second ingredient required for the proof of Thomas and Yong's conjecture. 

The standard way to prove cohomological Pieri rules is to use that any cohomo- 
logical Pieri coefficient cj( counts the number of points in an intersection of three 
Schubert varieties, one of which is special [33] [331 H E]- We prove our formulas by 
using a if-theoretic adaption of this method. For Grassmannians of type A, this 
gives a new and geometric proof of Lenart's Pieri rule [15] . 

The X-thcoretic analogue of the triple intersections ([2]) for Pieri coefficients 
are the numbers x x (O a • O p ■ O v ), where x x '■ K(X) — >• Z denotes the sheaf 
Euler characteristic map (see @. However, the Pieri coefficients of interest are 
given by c v Xp = x x (° X " ° v " °t), wher e O* 6 K{X) is the if-theoretic dual 
Schubert class of X v , a class different from O v . Our proof therefore requires a 
combinatorial translation from triple intersection numbers to structure constants. 
Furthermore, the if-theoretic triple intersection numbers are harder to compute 
because they can be non-zero when the intersection of general translates of X x , X p , 
and A" has positive dimension. Here we use a construction from [7] to translate 
the computation of intersection numbers to the if-theory ring of a projective space. 
To make this construction work in K-theovy, we also need a Gysin formula that was 
proved in [8] as an application of a vanishing theorem of Kollar [15] . To satisfy the 
conditions of the Gysin formula, we have to prove that a map from a Richardson 
variety to projective space has rational general fibers and that its image has rational 
singularities. For Grassmannians of type A we obtain that the intersection number 
X x (O x ■ O p ■ O v ) is equal to one whenever the intersection of arbitrary translates 
of X , X p , and X v is not empty, and otherwise it is zero. For maximal orthogonal 
Grassmannians and Lagrangian Grassmannians, the integer Xx (C A ' ® p ' ® v ) i s 
equal to the sheaf Euler characteristic of a complete intersection of linear and 
quadric hypersurfaces in projective space. We note that the earlier published proofs 
of isf-theoretic Pieri rules in [TH] HOI H] are combinatorial and do not rely on triple 
intersections. On the other hand, the method used here is likely to work for other 
homogeneous spaces G/P. 

Our paper is organized as follows. In section [2] we recall some definitions and 
results related to the iiT-theory of varieties. Grassmannians of type A are then han- 
dled in section [3J maximal orthogonal Grassmannians in section 2J and Lagrangian 
Grassmannians in section [5] 

We thank Itai Feigenbaum and Emily Sergei for their role in connecting our Pieri 
formula for maximal orthogonal Grassmannians to the conjecture of Thomas and 
Yong. 
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2. The Grothendieck ring 

In this section we recall some facts about the A-theory of algebraic varieties; 
more details and references can be found in [T2]. The AT-homology group K (X) 
of an algebraic variety A is the Grothendieck group of coherent Ox-modules, i.e. 
the free abelian group generated by isomorphism classes [J-\ of coherent sheaves 
on X, modulo the relations [J 7 ] = [F'] + [T"} whenever there exists a short exact 
sequence — > T' — > T — >• T" — > 0. This group is a module over the A-cohomology 
ring K°(X), defined as the Grothendieck group of algebraic vector bundles on X. 
Both the multiplicative structure of K°(X) and the module structure of K Q (X) 
is defined by tensor products. Any closed subvariety Z C X has a Grothendieck 
class [Oz] £ K (X) defined by its structure sheaf. If X is non-singular, then 
the implicit map K°(X) — > K (X) that sends a vector bundle to its sheaf of 
sections is an isomorphism; the inverse map is given by [J-] \-t ^2 i>0 (— l) l [£i] where 
— > £ r — >• • • • — >• E\ — > £ o — >• T — > is any locally free resolution of the coherent 
sheaf J- . In this case we will write simply K(X) for both A-theory groups. 

Any morphism of varieties / : X —> Y gives a ring homomorphism /* : K° (Y) —} 
K°(X) defined by pullback of vector bundles. If / is proper, there is also a push- 
forward map / : K a (X) -)• K (Y) defined by f*[J] = E 4 > (-l)ii?7*J"]. Both 
pullback and pushforward are functorial with respect to composition of morphisms. 
The projection formula states that /*(/*(a) • 0) = a ■ f*(/3) for all a e K°{Y) 
and /3 € K (X). If A is a complete variety, then the sheaf Euler characteristic 
map Xx '■ Ko(X) — > K (point) = Z is defined as the pushforward along the struc- 
ture morphism A —> {point}, i.e. Xx{[J~\) = J2i>o(~ ^-T dimif*(A, J 7 ). If A is 
irreducible and rational with rational singularities Fhen Xx([@x]) = ^ [131 P- 494]. 

We need the following pushforward formula, which was proved in [SJ Thm. 3.1] 
as an application of a vanishing theorem of Kollar 15, Thm. 7.1]. 

Lemma 2.1. Let f : X — > Y be a surjective map of projective varieties with rational 
singularities. Assume that f~ 1 (y) is an irreducible rational variety for all closed 
points in a dense open subset ofY. Then f*[Ox] = [Oy] G Ao(^)- 

We also need the following well known fact. 

Lemma 2.2. Let X be a non-singular variety and let Y and Z be closed varieties 
of X with Cohen- Macaulay singularities. Assume that each component of Y C\ Z 
has dimension dim(y) + dim(Z) — dim(A). Then Y C\Z is Cohen- Macaulay and 

[0 Y ]-[Oz] = [0 Yn z] mK(X). 

Proof. The diagonal embedding A:I->IxIisa regular embedding |T2l 
B.7.3], and any local regular sequence defining the ideal of A in A x A restricts to 
a local regular sequence defining the ideal of Y n Z in Y x Z by [TH A. 7.1]. This 
implies that Torf xX (Ox,Oy xZ ) = for all i > 0, so [Oy] ■ [O z ] = A*[Oy xZ } = 
Ei>o(-lY[TorX xX (O x , Oy xZ )} - [Oy ® Oz] - [Oy nz ], as required. □ 

Now let A = G/P be a homogeneous space defined by a complex connected 
semisimple linear algebraic group G and a parabolic subgroup P; all Grassmannians 
can be constructed in this fashion. The Schubert varieties of A relative to a Borel 
subgroup B C G are the closures of the i?-orbits in A, and the Grothendieck classes 
of these varieties form a Z-basis for the A-theory ring K(X). It is known that 
all Schubert varieties are Cohen-Macaulay and have rational singularities [22l [17] . 
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As a special case this implies that an quadric hypersurfaces in C n has rational 
singularities, since it is isomorphism to a product of a smaller affine space with an 
open subset of the Schubert divisor in an orthogonal Grassmannian OG(l,m) (see 
e.g. 0§4]). 

A Richardson variety is any non-empty intersection YnZ, where Y is a Schubert 
variety relative to B and Z is a Schubert variety relative to the opposite Borel 
subgroup B op . It was proved by Deodhar that any Richardson variety is irreducible 
and rational |10) . and Brion has proved in that Richardson varieties have rational 
singularities 2 . In particular, the sheaf Euler characteristic of a Richardson variety 
is equal to one. 

Finally we mention that a Schubert variety in the projective space P n is the 
same as a linear subspace. The Grothendieck ring is given by K(¥ n ) = Z[i]/(t n+1 ), 
where t is the class of a hyperplane. The class of a quadric hypersurface is equal to 
2t — t 2 , and a linear subspace of codimension i has class t % . In particular, the map 
X P „ : K{V n ) -> Z is determined by x P „ (**) = 1 for < i < n. 



3. GRASSMANNIANS OF TYPE A 

Let X = Gr(m, n) — {V C C" | dim(V) = m} be the Grassmann variety of 
m-planes in C™. This is a non-singular variety of complex dimension mfc, where 
k = n — m. The Schubert varieties in X are indexed by partitions A = (Ai > • • • > 
A m > 0) such that Ai < k. Equivalently, the Young diagram of A can be contained 
in a rectangle m rows and k columns. We will identify A with its Young diagram. 
The Schubert variety for A relative to a complete flag C Iq C F% £ • • - C F n = C" 
is defined by 



x x (F.) = {v eX\ dim(y n F fc+4 _ A J > i vi < % < m}. 



The codimension of this variety in X is equal to the weight |A| = Y] Xj. If Ui, . . . , u r 
are vectors in a complex vector space, then we let {u\, . . . , u r ) denote their span. 
Let ei,...,e„ be the standard basis of C™. We will mostly consider Schubert 
varieties relative to the standard flags in C", defined by Ei = (ei, . . . , ei) and E° p = 
(e n +i-i,...,e n ). Let O x = [O x x] e K(X) denote the class of X x := X X (E.). The 
ii'-theoretic Schubert structure constants cK for X are defined by equation ((3|), 
where the sum includes all partitions v contained in the m x fc-rectangle. The 
goal of this section is to give a simple geometric proof of Lenart's Pieri rule for 
the special coefficients c^ , where we identify the integer p 6 N with the one-part 
partition (p). 

Given a partition \x contained in the mx fc-rectangle, let /i v = {k — /i m , . . . , k— fJ,i) 
denote the Poincare dual partition. We will also call this partition the m x fc-dual 
of /i. The intersection X X (E.) n X^(E° P ) is non-empty if and only if A C /i v . 
Assume that A c /i v and let 6 = /i v /A be the skew diagram of boxes in /i v that 
are not in A. This is the set of boxes remaining when the boxes of A are deleted 
from the upper-left corner of the m x fc-rectangle, and the boxes of fi (rotated by 
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180 degrees) are deleted from the lower-right corner. 




Define the Richardson variety Xg = X X (E.) n X^(E op ) C X. This variety has 
dimension \9\ — mk — A| — \fi\. As a special case, notice that X\ = X x (E op ) 
is the dual Schubert variety of X x . Let Og = [0 Xe ] = O x ■ O^ G K(X) denote 
the Grothendieck class of Xg. While Xg depends on the partitions A and /i, it 
follows from Lemma l3.2l below that its isomorphism class depends only on the skew 
diagram 8. For any vector u G C" we define Xg(u) = {V G Xg \ u G V}. Let 
[jXg = \Jvex B v c C " be the set of vectors u G C" for which X e (u) ^ 0. This 
set is an irreducible closed subvariety of C", because {jXg — 7r 2 (7rf 1 (Xg)) where 
tti : S — > X and 7r 2 : S — > C™ are the natural projections from the tautological 
subbundlc S = {(V, u) G X x C" | u G V}. We wish to show that if u is a 
general vector in |J Xg , then Xg [u) is a Richardson variety in the Grassmannian 
Gr(m — l,C n /{u}), which we identify with the m-planes in X that contain u. In 
particular, Xg(u) is irreducible and rational. The following example shows that 
this may be false without the assumption that u is general. 

Example 3.1. Let X = Gr(3,5) and A = fi = (1). Then [jXg = C 5 . Set 
u = e\ + e§. Then Xg(u) has two components, which can be naturally identified 
with P(C 5 /(ei, e 5 }) and Gr(2, (ei, e2, e 4 , es)/(ei + e$)). These components meet in 
the line P((e 2 ,e 4 )). 

Assume that a G [0, m] and 6 G [0,k] are integers such that A a > b and [i m -a > 
k — b (here we set Xq ~ fio — k). This implies that the diagram 8 = /i v /A can be 
split into a north-east part 8' in rows 1 through a and a south-west part 8" in rows 
a + 1 through m. 

b 




Set A' = (Ai - b, ..., A a - &), ^' = (Mm-o+i, • •■,l^m), and 6>' = ^' /A', where 
// is the a x (k — 6)-dual of [i! . This skew diagram defines a Richardson variety 
X'g, in the Grassmannian X' = Gr(a, Ek+ a -b), where we use the (ordered) basis 
Q _ b for -Bfc+a-b- Similarly we set A" = (A a+1 , . . . , A m ), n" = (^ - k + 



e-i 



i &k-\-a 



&,..., fim-a — k + &), and 6" — fi" /A", which defines the Richardson variety Xq 
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in X" = Gr(m - a,Ej^ +b _ a ), using the basis ek+a-b+i, ■ ■ ■ ,&n for E^ +b _ a . Set 

;nOp 

J in+b—a' 



IW = Uy^ex', V C E k+a ^ b and U*£» = LV e x» ^" <= i^ P 



Lemma 3.2. (a) We have [jXg = {JX' B , x{J Xfr, in C" = £ fc+a _ 6 x E°? +b _ a . 

(b) for arbitrary vectors v! G -Bfe+a-6 andu" G -Em+6-a, i/ie inclusion X'xX" C X 
de/med &y (V, 7") H> V © V" identifies X' g ,(u') x X' e '„(u") with X e {u' + u"). 

Proof. HV & X 6 then dim(y n E k+a - b ) > dim(V n £ fc+0 _ A J > a and dim(V n 
E^ +b _ a ) > dim(y n EH (m-a)- Mra _ a ) > m - a. It follows that V = V © V" where 
V = VnE k+a - b G X' and V" = VTl£^ p +6 _ G X". Given arbitrary points V G X' 
and V" G X" it is immediate from the definitions that V © V" G X g (u' + u") if 
and only if V G X£,(u') and V" G X' e '„(u"). The lemma follows from this. D 

Let 9 be the diagram obtained from 9 by removing the bottom box in each 
non-empty column. Let c(9) = \0\ — \9\ be the number of non-empty columns. 

Lemma 3.3. (a) The set \^}Xg is a linear subspace of C" of dimension to + c{9). 
(b) For all vectors u in a dense open subset of[JXg we have Xg(u) = Xj. 



Proof. If 9 = 0, then Xg is a single point and the lemma is clear. Using Lemma 
it is therefore enough to assume that 9 has only one component which contains 
the upper-right and lower-left boxes of the to x fc-rectangle. This implies that 
K + Mm-i < fc for < z < m (recall that we set A = ^o = k). Let u G C" 
be any vector such that all coordinates of u are non-zero. It is enough to show 
that Xq(u) = Xg. Set E = C n /(u) and define flags in this vector space by Ei — 
(Ei + (u))/(u) and E° P = (E° p + (u))/(u), for 1 < i < n - 1. Since we have 
u Ei + E° l p _ 1 _ i for each i, it follows that Ei n E n _ 1 _ i — 0, so the flags E. and 
E m are opposite. Identify X — Gr(m — 1,E) with the set of TO-planes VgI for 
which u G V. Then we have X x (E.)nX = X~ X (E.) and X^(E°p) DX = X M (i^ P ), 
so X e (u) = Xg n X = X X (E.) n X M (E° P ) = X ? , as required. □ 

We can now prove our formula for the if-theoretic triple intersection numbers 
X x {O x ■ O p ■ C M ). They turn out to be simpler than the corresponding Pieri coeffi- 
cients c\ (see eqn. © below), despite the fact that the more general intersection 
numbers x x (C A • O v ■ O**) arc not well behaved 0} §8]. 

Proposition 3.4. Let 9 be a skew diagram contained in the m x k-rectangle and 
let < p < k. Then we have 

\Q ifp>c{9). 

Proof. Let Z — Fl(l, m;n) be the variety of all two-step flags L c V C C" with 
dim(L) = 1 and dim(V) = to, and let n 1 : Z -> P™" 1 and n m : Z — > X be the 
projections. Since ir m : ir^ (F(E k +i- p )) —5- X p is a birational isomorphism of vari- 
eties with rational singularities and 7Ti is flat, it follows that 7Tm*7'"i[Cp(£; fc+1 _ )] = 
7i"m*[C w - 1 (p(£ ))] = O p G i^(^). Lemma [331 implies that the general fibers 

of the map 7Ti : 7r~ (Xg) — s> 7Ti(7r rn 1 (Xe)) are rational. Since the Richardson vari- 
ety 7r r „ 1 (Xe) has rational singularities, we therefore deduce from Lemma EO that 
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ir u ir* m [Ox„] = n u [O v -i [Xt) ] = [0^ (ir -i ( ^ }) ] - [Op (U x.)] € ^(P"- 1 ). Using the 
projection formula we obtain 

X x (Oe-On = xAPx e }-n m ^* 1 [O nEk+1 _ p) }) 

= Xm-ii^U^miOxo] ■ Pv(Ek+-L- P )]) 

Lcmma [3 . 3l implies that this Euler characteristic equals one if m+c(9) + k+l — p > n 
and is zero otherwise, as required. □ 



In order use the intersection numbers of Proposition 13.41 to compute the Pieri 
coefficients c\ r , we need the dual Schubert classes in K(X). Recall that a skew 
diagram is a horizontal strip if it contains at most one box in each column, and a 
vertical strip if it has at most one box in each row. The diagram is a rook strip 
if it is both a horizontal strip and a vertical strip. For any partition v in the 
m x /c-rectangle we define 

(4) Ol= Y, irV) ]vM Or 

v /t rook strip 



where the sum is over all partitions r C v such that v/t is a rook strip. The 
following lemma implies that c\ = x x (P X ' ®^ ' ®t)- ^ n particular, we have 
cK = whenever A <f_ v. A different proof of the lemma can be found in [3J §8]. 



Lemma 3.5. Let \x and v be partitions contained in the m x k-rectangle. Then we 
have Xxi^t ' ^) = &*,p (Kronecker's delta). 

Proof. Since a non-empty Richardson variety is irreducible, rational, and has ra- 
tional singularities, it follows that x x (®t ■ C M ) is equal to one if p C r and is zero 
otherwise. This shows that X x (°t ■ O^) = when p <f_ v and x x (0* v ■ O v ) = 
X x (O u ■ O v ) = 1. Assume that pL^v and let A be the smallest partition such that 
pidXdv and v/\ is a rook strip. Then x x {®l ' ®^) = Sactc^ -1 )'^ 1 "' is a sum 
of 2l"/ A l terms, half of which are negative. The lemma follows from this. □ 

A south-east corner of the skew diagram 8 is any box B £ 9 such that 8 does not 
contain a box directly below or directly to the right of B. Let 6' be the diagram 
obtained from 9 by removing its south-east corners. Notice that 9 is a rook strip if 
and only if 9' = 0. Given any integer p G Z, we will abuse notation and write 

X x (O e -O p ) = i 

10 if p > c(9). 

This is equivalent to setting O p = 1 for p < and working on a sufficiently large 
Grassmannian X. Using this convention we define the constants 

(5) A(9, P )= J2 (-i) m - M x x (o v -on 

8'cvce 

where the sum is over all skew diagrams ip obtained by removing a subset of the 
south-east corners from 9. Proposition 13.41 and Lemma 13.51 imply the following. 

Corollary 3.6. Let A C v be partitions contained in the m x k-rectangle and let 
0<p<k. Then c Ap = A(p/X,p). 
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Lenart's Pieri rule [18] states that c A is non-zero only if A C v and v /A is a 
horizontal strip, in which case we have 



(6) 



c k = (_i)I^ai- p M<VA)-A 

A ' p l ' \\WM-p) 



Here r(y/X) denotes the number of non-empty rows of the skew diagram v/\. To 
be consistent with our treatment of Pieri coefficients for Lagrangian and orthogonal 
Grassmannians, we will restate this rule as a set of recursive identities among the 
integers A(0,p). Given a horizontal strip 9, we let 9 be the diagram obtained by 
removing the top row of 9. Notice that 9 is a single row of boxes if and only if 
9 = 0. Lenart's formula is equivalent to the following. 

Theorem 3.7. Let 9 be a skew diagram and let p£ Z. If 9 is not a horizontal 
strip then A(9,p) = 0. If p < then A(6,p) = Sgy, and .4.(0, p) is equal to one if 
p < and is zero otherwise. If 9 ^ % is a horizontal strip and p > 0, then A(9,p) 
is determined by the following rules. 

(i) If 9 = 0, then A{9,p) = 8 W , P - 

(ii) I] '#> 0, thenA{9,p) = A(6,p- a) - A(0,p - a + 1), where a = \9\ - \9\. 

Proof. We may assume that 0^0 and p > 0, since otherwise the result follows from 
Corollary 13. 61 If 9 is not a horizontal strip, then we can find a box B G 9 \ 0' such 
that the box directly above B is contained in 9 '; if <p is any skew diagram such that 
9' C tp C 9 and B ^ tp, then c{tp) = c(<p U B) and Xx (°<p ' £"0 = Xx (°v>ub ■ O p ), 
so the terms of §5§ given by (p and ipU B cancel each other out. And if 9 is a single 
row, then A(9,p) = Xx (0 9 ■ 0?) - Xx (O e > ■ OP) = S m , p . 

Assume that 9 is a horizontal strip with two or more rows. Let ip — 9 \ 9 be 
the top row and set ip' = tjj fl 0' and 0' = 9 D 9'. Each term of the sum ([5]) is 
given by a skew diagram of the form tp U ip or y> U ?//, where 9' <Z (p C 9. Since 
c(y>) = c(ip Dip) — a = c(ip U ip') — a + 1, it follows from Proposition 13.41 that 

(-l) 19 '- 1 ^ 1 (X X (CW • P ) - Xx(O y u^ • o p )) 
= (-l) l?| - |vl (x,(^ • OV- a ) - Xx (O v ■ OP- a+1 )) . 

This implies that A{9,p) = A{9,p — a) — A(6,p — a + 1) by summing over tp. □ 

4. Maximal orthogonal Grassmannians 

Let ei, . . . ,e2n+i be the standard basis for C 2n+1 . Define an orthogonal form 
on C 2 " by (ei,ej) = o~i+j : 2n+2- A vector subspace U C C 2 " +1 is called isotropic 
if ([/, U) = 0. This implies that dim([/) < n. Let X = OG(n, 2n + 1) = {F C 
C 2n+1 | dim(V^) = n and (V, V) = 0} be the orthogonal Grassmannian of maximal 
isotropic subspaces of C 2n+1 . This is a non-singular variety of dimension ( n J ). 
It is isomorphic to the even orthogonal Grassmannian OG(n + 1, 2n + 2), so this 
variety is also covered in what follows. The Schubert varieties in X are indexed by 
strict partitions A = (Ai > X2 > • • • > \g > 0) for which Ai < n. The length of A 
is the number ^(A) = £ of non-zero parts. The Schubert variety for A relative to an 
isotropic flag C F x C F 2 C ■ ■ ■ C F n C C 2n+1 with (F n , F n ) = is defined by 

X X (F.) = {V eX \ dim(V n F n+ i_ Ai ) > i VI < i < £(A)} . 
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The standard isotropic flags of C 2n+1 are defined by Ei = (ei, . . . , e-i) and E° p = 
(e 2 n+2-i, • • • ,e 2 „+i)- Set X x = X X (E.). The classes O x = [O x \] form a Z-basis 
for the Grothcndicck ring K(X), and this ring is generated as a Z-algebra by the 
special classes O 1 , . . . , O n . 

When we are working in the context of the maximal orthogonal Grassmannian 
X = OG(n,2n + 1), we will identify a strict partition A = (Ai > • • • > A^ > 0) 
with its shifted Young diagram. The i-th row in this diagram contains Ai boxes, 
which are preceded by i — 1 unused positions. The boxes of the staircase partition 
p n = (n, n — 1, . . . , 1) thus correspond to the upper-triangular positions in an n x n 
matrix. If p is a strict partition with \x\ < n, then the n-dual partition p v consists 
of the parts of p n which are not parts of p. We have X X (E.) n X^(E° P ) ^ if 
and only if A C /i v . In this case the shifted skew diagram 9 = /i v /A is obtained by 
removing the boxes of A from the upper- left corner of p n and the boxes of p, from the 
lower-right corner, after mirroring p, in the south-west to north-east antidiagonal. 
For example, when n = 12, A = (11,9,8,5,2), and [i = (10,8,7,4), we obtain the 
following diagram 9. 




The set of leftmost boxes of p n are called diagonal boxes. The above skew diagram 
9 contains three such boxes. 

Define the Richardson variety X e = X X (E.) n X>*(E° P ) C X. This variety 
has dimension \9\ = ("J ) — |A| — |/x|. It follows from Lemma [4.11 below that the 
isomorphism class of Xg depends only on the shape of the skew diagram 9, at least 
if it is remembered which boxes of 9 are diagonal boxes. We set Og = [Ox ] — 
O x ■ 0» € K{X). For u e C 2,l+1 we define X e {u) = {V E X g \ u £ V}. Let 
|J X 9 = [Jvexe V c C2 " +1 be the set of vectors u for which X 6 (u) + 0. 

As for Grassmannians of type A, we would like to write the Richardson variety 
Xg as a product, where the factors correspond to the components of 9. Assume 
that a, b > are integers such that < a + b < n, \ a > n — a — b, and pt > n — a — b 
(we set Ao = /xo = n + 1). Then 9 — p y / X can be split into a north-east part and 
a south-west part. 



a ^n 
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Set A' = (Xi+a + b — n,...,\ a + a + b — n), n' = (/ii + a + o — n, . . ., fib + a + b — n), 
and 9' = m' V /A', where // v is the (a + o)-dual of //. Set E' = E a+b © E°l b 
and extend the orthogonal form on E' to the vector space E' © C, with basis 
e 1 ,...,e a+ b,e',e2n+2-a-b,---,e2n+i, by setting (e',e') = 1 and (e'.e*) = for 
every i. Then 6*' defines a Richardson variety Xg ; in X' = OG(a + o,_E' © C). 
Similarly we set A" = (A a +i, • ■ ■ , Xe(x)), fi" = (fib+i, ■■■, &(»)), and 9" = ^" V /A", 
using the (n — a — o)-dual of fi". This defines the Richardson variety X' s '„ in 

X" = OG(n-a-b,E"), where E" = E ,A - = {e a+b+1 , . . . ,e 2 „ +1 _ a _ b > C C 2n+1 . 
Set X' = {V G X' | V C £'}. If V G X£, then dim(V n £ a +b) > a and 
dim(V' ni?°P b ) > &, which implies that V G X'. In particular, we have (J X£, C E' . 

Lemma 4.1. (a) We have\jX g = {jX g , x [jX' e '„ in C 2n+1 = E' X £?". 

(b) -For arbitrary vectors v! G 1?' one? u" G -E", t/ie natural inclusion X' x X" c X 
de/med 6y (V, V") ^ V' © V" identifies X' g ,(u') x X' g '„(u") with Xg(u' + u"). 

Proof. If V G X e then dim(V'n.E 0+6 ) > dim(Vn.E„ +1 _ Ao ) > a and <&a{VaE°^ +b ) > 
dim(y n E^ +1 _ x ) > b. This implies that V — V D E' is a maximal isotropic 

subspace in £" © C, so V G X'. It also follows that dim(V n B /J ") = n — a — b, 
so V"" = V n £" G X". Given arbitrary points V" G X' and V" G X", it follows 
from the definitions that V © V" G X e (u' + u") if and only V G X^(u') and 
V" G X e '„(u"). The lemma follows from this. □ 

The south-east rim of the shifted skew diagram 9 is the set of boxes B G 9 such 
that no box of 9 is located strictly south and strictly east of B. Let 9 denote the 
diagram obtained by removing the south-east rim from 9. We say that 9 is a rim 
if 9 = 0. Let d(0) = |0| — |0| be number of boxes in the south-east rim. Let N(9) 
denote the number of connected components of the diagram 9, where two boxes are 
connected if they share a side. Set N~(6) = max(X((9) — 1,0). For use with the 
Lagrangian Grassmannian, we also let N'(0) be the number of components that 
do not contain any diagonal boxes. The diagram displayed above gives d(9) = 10, 
N(6) = 2, and N~(6) = N'(9) = 1. 

Lemma 4.2. (a) The set {JXg c C 2n+1 is a scheme theoretic complete intersec- 
tion with rational singularities. It has dimension n + d(6) and is defined by N{9) 
quadratic equations and n + 1 — d(6) — N(8) linear equations. 
(b) For all vectors u in a dense open subset of [JXg we have Xg(u) = Xj. 

Proof. The result is clear unless 9 7^ 0. Using Lemma I4TT1 we may also assume that 
for all integers a, b > with < a + b < n we have A a < n — a — b or /j,b <n — a — b. 
This implies that 9 has exactly one component, so N(9) = 1. Given any vector 
u = (jci, . . . , x 2n +i) G C 2rl+1 we will write u t = (x\, . . . ,3^,0, . . . ,0) G C 2rl+1 and 
u\ = (0, . . . , 0, Xi+i, . . . , x 2n +i) G C 2,l+1 for its projections to E t and E^ L+1 _ i . 

Assume first that £(X)+£(/J,) < n. In this case 9 intersects the diagonal, and since 
we also have \\ < n and \x\ < n, it follows that d(9) = n. We will show that (J Xg 
is the quadric {u G C 2n+1 | (u,u) = 0} c C 2,l+1 . Let u = (x u - ■ ■,x 2n +i) G C 2n+1 
be any vector such that (u, u) — 0, xi ^ for 1 < i < 2n + 1, and {ui,u'^) 7^ 
for 1 < i < n. It is enough to show that Xg{u) = Xj. Set E = (w) ± /(m) and 
define isotropic flags in this vector space by Ei = {{E i+ i + (u)) n (m) ± )/(u) and 
E° P = ((JS^j + (u» n (u)- 1 )/^). For each knwe have (E i+1 + (u)) n ((-B.^!)- 1 + 
(u)) = (uj+i, Wi+i)- By the choice of u we have (w^+i, u' i+l ) 7^ 0, which implies that 
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Ei n (E% p ) x = 0. Similarly we obtain (Ei)- 1 n E° P = 0, so the flags E. and E° m P 
are opposite. Identify X = OG(n ~ 1,E) with the set of point V £ X for which 

u £ V. Then we have X X (E.) (1X = X~ X (E.) and X^{E°p) DX= X^(B\ P ), so 

X g (u) = i«nl = x x (e.) n X M (^ P ) = X y . 

Otherwise we have £(A) +^(/x) = n and A^r\) = ^i(p) — 1- This implies that is 
disjoint from the diagonal, so d(9) = n — 1. For any point V e Xg we must have 
dim(Vr)E n ) > l{\) and dim(Vn.E£ p ) > £(#), so V = (yn£ n )©(VnE£P). It follows 
that every vector m = (#1, . . . ,£2n+i) £ U^fl satishes x„ + i = and (u,u) = 0. 
We will show that (J AT# is the complete intersection in C 2n+1 defined by these two 
equations. Let u £ C 2n+1 be any vector such that x n+ i — 0, (u, u) — 0, Xi 7^ for 
?' 7^ n+1, and (uj,uQ 7^ for 1 < i< n— 1. It is enough to show that Xg(u) = Xs. 
Set 23 = U^/U where U = (u n , u' n ), and define isotropic flags in E by Ei = ((23j + i + 
U) n U x )/U and £° P = {{E°^ +U)n U x )/U for 1 < i < n - 2. For each i < n - 2 
we have (E i+ i + U)r\((E°^ 1 ) ± + U) = (u n , u^, u»+i, ?4 +1 ), so our choice of u implies 
that Ei n (£° P ) ± = 0. Identify X = OG(n - 2,23) with the set of points V £ X for 
which U C V. Then we have X x (E.)r\X = X~ X (E.) and A^(£.°p) (IX = X^pf*), 
where A = (Ai - 1, A2 - 1, . . . , Xe(\) - 1) and ]Z = (/j,i - 1, \x-i — 1, . . . , ^(/i) - !)• We 

conclude that Xg(u) = X e (IX = X~ X (E.) n X~ M (i3° P ) = X ? , as required. □ 

Define a function h : N x Z — > Z by 

(7) ft(a,6) = ^(-iy'2^("). 

3=0 VJ/ 

Here we set ( a ) = unless < j < a. Notice that for b > a we have h(a, b) — 
(2 — 1)° = 1. The binomial identity implies that 

(8) h(a + l,b) + h(a,b-l)=2h(a,b). 

Proposition 4.3. Let 9 be a shifted skew diagram contained in p n and < p < n. 

Then we have x x (O e -O p ) = h{N~ (6),d(6) -p). 

Proof. Notice that x x (O e -O a ) = X x {Oe) = 1 and x x (0%-O v ) = S pfi as claimed, so 
we may assume that 6? 7^ and p > 1. Let S C P 2n be the quadric of isotropic lines 
in C 2n+1 . The subvariety F(E n+1 - p ) C S defines the class [<D P ( En+1 _ p) ] £ K(S). 
Let Z = OF(l,n;2n + 1) be the variety of two-step flags L c V c C 2n+1 such 
dim(L) = 1 and V G X, and let m : ^ — > S and 7r„ : Z — >• X be the projec- 
tions. Since n n : 7rf 1 (P(_E„ + i_ p )) — > X p is a birational isomorphism and 7Ti is 
flat, we obtain 7r n *7r*[0]p(s n+1 _ )] = C p £ K(X). Since IjXe is the affine cone 
over TTi(TT~ 1 (Xg)), it follows from Lemma [4.2f a) that the later variety has ratio- 
nal singularities. Lemma [2.11 and Lemma f4.2f b) therefore imply that TTi^ir^Og = 
[O n / Tr - 1 (x ))} G K(S), so it follows from the projection formula that 

Xx (Oe ■ O p ) = Xs([O m ^ (x$)) ] ■ [O nEn+1 _„J) . 

Let Y C P 2 ™ be a complete intersection defined by the same equations as define 
\JXg in C 2n+1 , except that one of the quadratic equations are omitted. Since 
-k\{-k~ 1 {Xo)) = S n Y is a proper intersection of Cohen-Macaulay varieties, we 
obtain [O^^-nxa))] = i>*[Oy\ 6 K{S) where 1 : S C P 2 " is the inclusion. Another 
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application of the projection formula yields 

xAOe-G*>) = X T2n (pY}-iO nEn+1 _ p) }). 

Since the Grothendieck class of a quadric in P 2n is equal to 2t — t 2 e K(¥ 2n ) — 
Z[t]/{t 2n+1 ), it follows from Lemma gH that 

[Oy] ■ P nEn+1 _ p) ] = t 2 -^^ ■ (2 - *)""(«> . 

The proposition follows from this. □ 

The dual Schubert classes in the -ftT-theory of X = OG(n, In + 1) arc defined by 

(9) o:= Yl (-i) WM o r 

v JT rook strip 

where the sum is over all strict partitions r contained in v such that the shifted skew 
diagram v/t is a rook strip. The proof of Lemma l3.5l shows that y„ (0*-0^ = 5 V a- 
A south-east corner of the shifted skew shape 9 is any box B of 9 such that 9 
does not contain a box directly below or directly to the right of B. Let 9' be the 
skew shape obtained by removing the south-east corners of 9. For p£Zwe define 

(10) B(0,p)= E (-lf H,pl h(N-(<p),d(<p)-p) 

where the sum is over all shifted skew diagrams ip obtained by removing a subset 
of the south-east corners from 9. Proposition 14.31 implies the following. 



Corollary 4.4. Let A C v be strict partitions with v\ < n and let < p < n. Then 
cl p = B{v/\p). 

Lemma 4.5. Let 9 be a non-empty shifted skew diagram. 

(a) If 9 is not a rim then B(9,p) — for all p. 

(b) If 9 contains a row or column with a boxes, then B{9,p) — for p < a. 

(c) If 9 is a rook strip, then 6(0,1) = (-l)l e l _1 . 

Proof. Assume the conditions of (a), (b), or (c) are met, and let B G 9 \ 9' be a 
south-east corner of 9; if 9 is not a rim, then choose B such that 9 contains a box 
strictly north and strictly west of 9. We claim that if <p is any shifted skew diagram 
such that 9' C ip C 9, ip ^ 0, and B g" <p, then 

h(N-(<p),d(<p)-p) = h(N-(<p\jB),d{<pUB)-p); 

in the situation of (c) we set p = 1. If 9 is not a rim, then this is true because 
N-(tp) = N~(ipU B) and d(ip) = d(ip U B). If the conditions for (b) hold, then 
we must have N~(tp) < d(y) — a + 1 since y contains a row or column with a — 1 
boxes, and this implies that h(N~ (ip) , <i(<p) — p) = h(N~ (<p\J B), d(ip UB) —p) = 1 
for p < a. For (c), notice that N~(ip) = d((p) — 1 whenever y? is a non-empty rook 
strip. 

The lemma is immediate from the claim if 9 is not a rook strip, and otherwise 
we obtain 

B(9, P ) = (-if- 1 (h(N-(B),d(B) -p) - h(N-($),d(%)-p)) 
= (-lf\- 1 (h(0,l-p)-h(0,-p)). 
This proves the lemma when 9 is a rook strip. □ 
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Before we state our recursive Pieri rule for the coefficients B(9,p), we prove 

v 

that the constants c\ for maximal orthogonal Grassmannians are invariant under 
arbitrary permutations of the partitions A, /i, v. The same symmetry is satisfied 
for Grassmannians of type A (for the same reason, see [4] Cor. 1]), but Example 15. 71 
below shows that it fails for Lagrangian Grassmannians. 

Corollary 4.6. The K -theoretic structure constants c\ for OG(n, 2n + 1) satisfy 

V 

the symmetry cY = c^ ^ v • 

Proof. Lemma [4.51 implies that O* = (1 — O l ) ■ O v , so we obtain the identity 
X x {O x ■ O^ ■ O uV • (1 - O 1 )). The corollary follows from this. □ 



c 



XyfJ, 

A shifted skew diagram is called a row if all its boxes belong to the same row, 
and a column if all boxes belong to the same column. If 9 is a non-empty rim, 
then we define the north-east arm of 9 to be the largest row or column that can 
be obtained by intersecting 9 with a square whose upper-right box agrees with the 
upper-right box of 9. We let 9 be the diagram obtained by removing the north-east 
arm from 9. Notice that 9 is a row or a column if and only if 9 = 0. 

North-east arm 



The following theorem is our recursive Pieri rule for the i^-theory of maximal 
orthogonal Grassmannians. It implies that the Pieri coefficients c\ p — B(v/X,p) 
have alternating signs, (— I )l"/ A l _p c-( > 0. 

Theorem 4.7. Let 9 be a shifted skew diagram and let p G Z. If 9 is not a rim 
then B(9,p) — 0. If p < then B(9,p) — 8g $, and B($,p) is equal to one if p < 
and is zero otherwise. If 9 ^ is a rim and p > 0, then B(9,p) is determined by 
the following rules, with a = \9\ — \9\. 
(i) If 9 is a row or a column then B(9,p) — <5|6»|, P - 

(ii) If 6 7^ and the north-east arm of 9 is connected to 9, then we have B(9,p) ~ 
B(9,p - a) - B(9,p - a+ 1). 

(iii) Assume that 9 7^ and the north-east arm of 9 is not connected to 9. If p < a 
then B(9,p) = 0. Otherwise we have 

B(9,p) = (2^S Pta )(B(9,p-a)-B(9,p-a+l))+(lSa,i)(B(9,p-a+2)-B(9,p-a+l)). 

Proof. We may assume that 9 is a non-empty rim and p > 0, since otherwise the 
theorem follows from Lemma 14.51 In particular we have d(9) = \9\. If 9 is a row 
or column, then B(9,p) — h(0, \9\ — p) — h(0, \9'\ — p) = 6 p \gu as claimed in (i). 
Otherwise let ip be the north-east arm of 9, let B G 9 \ 9' be the south-east corner 
farthest to the north, and set ip' = ip \ B and 9' = 9 n 9' . We have 9 ^ and 
o=|# 

Assume that tp is connected to 9. Then 9 is not a rook strip. We first consider 
the case where tfi is a row attached to the right side of the upper-right box of 9. 
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For any rim ip with 0' C tp C we then have 

(-l)l e H<^| (h(N-{<p U ip), \<p u VI - p) - &(#"(¥> u V')» lv u V'l - p)) 

= (_l)0-M (h(N-(<p), \<p\ -p + a) - h(N-(p), \<p\ -p + a- 1)) . 

This implies that B(0,p) — 13(0, p — a) — 13(0, p — a + 1) by summing over y>. Next 
consider the case where ip is a column attached above the upper-right box of 0. For 
any diagram ip with 0' C p C \ B, it follows from (jHJ that 

(-l)l fl l-l*^l (/i(JV-(^UV),|^U<0| -p)-/»(JV-(^UBU^),|vJUBUV| -p)) 

= (_!)|el-lvl (h(N-(p) + 1, \<p\ - p + a) - h(N-(<p UB),\<p\JB\-p + a)) 

= (_ 1 )|9|-| V | (h(N- (tp),\tp\ - p + a) - h(N- (<p U B),\tp U B\ - p + a)) 

-h(N~((p),\tp\ -p + a- 1) + h(N~ (ip U B),\tp U B\ -p + a- 1) 

This again implies that 13(0, p) — B(0,p — a) — B(0,p — a + 1), as required by (ii). 
Now assume that ip is not connected to 0. We may also assume that p > a, since 
otherwise B(0,p) = by Lemma T4.5f b). We first consider the case a > 1. For any 
non-empty rim (p with 0' C ip C 0, we obtain 

(-l)!*!-!**^! (h(N-(ip U ip), \cpUip\-p)- h(N~(tp U ip'), \<p U ip'\ - p)) 
= (_!)|e|-lvl (h(N-(ip) + l,\p\-p + a)- h(N~(<p) + l,\p\-p + a- 1)) 
= (_i)l^l-M(2fc(JV-( y >),|^| -j» + o)-3/»(JV-(y>),|^| -p + a-1) 
+ /i(JV-( V ),| ¥ >|-p + o-2)). 

If is not a rook strip, then 0' ^ and we obtain that B(0,p) — 2B(6,p — a) — 
3 6(0,p — a + 1) + B(0,p — a + 2). If p > a then this is the identity of (iii), and if 
p = a then Lemma l4~5T b) shows that B(0,p — a) = B(9,p — a + 1) = 0, so (iii) also 
holds in this case. If is a rook strip, then summing over ip ^ gives the identity 



?,p) = 26(0,p-a)-36(0,p-a + l) + 6(0,p-a + 2) 

- (-l) l?l 0(0, a - p) - 2h(0, a -p - 1) 4- fc(0, a - p - 2)) . 

If p > a then the three last terms vanish, and if p = a then Lemma |4. 51 implies that 
B(0,p) = B(0, 2) — 2 6(0, 1), as required. At last we consider the case a = 1. Then 
■0' = 0, so for any non-empty rim ip with 0' <Z p <Z we get 

(-l)l'H*>mM (/ l (7V-(<^UV),|^UV|-p)-M 7V ' _ (^UV / ),l¥ , U0'|-p)) 

= (-ifl-M (/^jvrfo,) + 1, M -p + 1) - fc(JV-(¥>), M -P)) 

= (-lfl-M ( 2 /»(JV-(^), |^| -p+ 1) - 2 ft(7V-(^), M - p)) . 

If 6 is not a rook strip, then this implies that B(0,p) — 26(0, p— 1) — 2B(0,p), and 
for p = a we have B(9,p — 1) = B(9,p) — by Lemma T4.5I Finally, if is a rook 
strip, then we obtain B(9,p) = 2B(0,p - 1) - 2 6(0, p) - (-1)%(0, 1-p), which 
agrees with (iii) by Lemma 14.51 This establishes (iii) and completes the proof. □ 

Let be a rim. A KOG-tableau of shape is a labeling of the boxes of with 
positive integers such that (i) each row of is strictly increasing from left to right; 
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(ii) each column of 9 is strictly increasing from top to bottom; and (iii) each box 
is either smaller than or equal to all the boxes south-west of it, or it is greater 
than or equal to all the boxes south-west of it. If 9 is not a rim, then there are no 
KOG-tableaux with shape 9. The content of a KOG-tableau is the set of integers 
contained in its boxes. 

Corollary 4.8. The constant c\ p for K(OG(n,2n + 1)) is equal to (-1)K a I-p 
times the number of KOG-tableaux of shape v j\ with content {1, 2, . . . ,p\. 

Proof. Define B(9,p) to be (— l)l l~ p times the number of KOG-tableaux of shape 
9 with content {1, 2, . . . ,p}. It is enough to show that these integers satisfy the 
recursions given by Theorem 14.71 We check this when the north-east arm tp is a 
column that is disconnected from 9,9^®, and 1 < a < p where a = \9\ — \9\. The 
remaining cases are left to the reader. 

In any KOG-tableau of shape 9, the content of (the boxes of) ip must be either 
Si = {1, 2, . . . , a} or S2 = {1,2, . . . , a — l,p}- If the content of -0 is Si, then 9 must 
be a KOG-tableau whose content is either {a + 1, a + 2, . . . ,p} or {a, a + 1, . . . ,p}. 
If the content of i[> is S2, then 9 must be a KOG-tableau whose content is one of the 
sets {a, o + l, . . . ,p — 1}, {a — 1, a, . . . ,p— 1}, {a, a+l,...,p}, or {a— I, a, ... ,p}. 
This gives the identity B{0,p) = 2 B(9,p - a) - 3 B(9,p - a + 1) + B(9,p- a + 2), 
as required. □ 

Itai Feigenbaum and Emily Sergei have shown us a proof that KOG-tableaux 
are invariant under Thomas and Yong's jeu-de-taquin slides [24]. Corollary 14.81 
therefore confirms that the Pieri coefficients c\ are correctly computed by Thomas 
and Yong's conjectured Littlewood-Richardson rule. 



Example 4.9. Let A = (6, 4, 1) and v = (7, 6, 3, 1 

for if (0G(7, 15)) is counted by the KOG-tableaux displayed below 



Then the constant c v x 5 
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5. Lagrangian Grassmannians 
Let ei, . . . , e2n be the standard basis of C 2n and define a symplectic form by 



f 



(,6i, e,') 







if i + j = 2n 
if i + j = 2n 

ii i + j =£ 2n 



1 and i < j; 
1 and i > j; 
1. 



and 



Let X = LG(n, 2n) = {Fc C 2 " | dim(F) = n and (V, V) = 0} be the Lagrangian 
Grassmannian of maximal isotropic subspaces of C 2n . This is a non-singular variety 
of dimension (™J ) . The Schubert varieties in X are indexed by strict partitions 
A = (Ai>A 2 >--->A£>0) with Ai < n, the same partitions as are used for the 
orthogonal Grassmannian OG(n, 2n + l). The notation introduced for shifted skew 
diagrams in section 2] will also be used in this section. The Schubert variety for the 
strict partition A relative to an isotropic flag C F\ C Fi C • • • C F n C C 2 ™ with 
(F n ,F n ) = is defined by 

X X (F.) = {V eX I dim(V n F n+ i_ A J > * VI < i < £(X)} . 
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The standard flags are defined by Ei — (ei, . . . , &i) and E° p — {ein+x-i, ■ ■ ■ > e2n}- 
We have X X (E.) nl''(£, op ) ^ if and only if A C /i v , where ^ v is the n-dual of \x. 
Set A A = X x (E,). The classes £> A = [O x x] form a Z-basis for the Grothendieck 
ring K(X), which is generated as a Z-algebra by the special classes O 1 , . . . , O n . 
A shifted skew diagram 8 — /i v /A defines the Richardson variety Xg = X X (E.) n 
X»(E° P ) and the class Og = [C Xe ] = C A • C € A(A). For any vector u E C 2n we 
set Xg{u) = {V E Xg I u E V}, and define (J^e = \J VeXe V C C 2 ™. 

Assume that a, 6 > are integers such that < a + b < n, X a > n — a — b, and 
/i6 > n — a — 6. Set A' = (Ai + a + b — n, . . . , A a + a + b — n), // = (/ii + a + b — 
n, . . . , fXb + a + b — n), and 8' = \j! /A', where /j,' is the (a + 6)-dual of fj, 1 '. Then 6' 
defines a Richardson variety X' g , in X' = LG(a + 6, E'), where E' = E a+b © E op +b 
with basis ei, . . . , e a+b , e 2n +i~a~b, • • • , e 2n - Similarly we set A" = (A a+ i, . . . , A £(A) ), 
/i" = (fib+i, • ■ • , M^(m))' an< ^ ^" = M" A"' usm g t ne (« — a — 6)-dual of /i". This 
defines the Richardson variety X' g '„ in X" = LG(?i — a — b, E"), where E" = E' = 

{c-a+b+l, ■ ■ ■ , &2n-a-b)- 

Lemma 5.1. (a) We have [jXg = \jX g , x \jX e '„ m C 2n = E' X E" . 

(b) For arbitrary vectors v! E E' and u" E E" , the natural inclusion X' x X" C X 

defined by (V, V") i-> V © V" identifies X' 9 ,{v!) x X' e '„(u") with X 6 (u' + u"). 

Proof. HV eXg then dim(ynA a+b ) > dim(Fn.E„ +1 _ A J > a and dim(ynA°P 6 ) > 
dim(V n E° p +l _ x ) > b. This implies that V = V fl E' is a maximal isotropic 

subspace in E', so V E X' . It also follows that dim(F n E") = dim(F n E' X ) = 
n - a ~ b, so V" = V D E" e X" . Given arbitrary points V E X' and V" E A", 
it follows from the definitions that V © V" E Xg(u' + u") if and only V E A^(u') 
and V" E X g '„{u"). The lemma follows from this. □ 

Lemma 5.2. (a) TTie sei IjAg C C 2 ™ is a scheme theoretic complete intersec- 
tion with rational singularities. It has dimension n + d(9) and is defined by N'(8) 
quadratic equations and n — d{8) — N'(9) linear equations. 

(b) For all vectors u in a dense open subset of [J Xg we have Xg{u) = Xg. 



Proof. Using Lemma 15.11 we may assume that for all integers a, b > with < 
a + b < n we have A a <n— a — 6or^6<n— a — b. This implies that 8 has 
exactly one component. Given any vector u — [xi, . ■ ■ , a?2n) E C 2 ™ we will write 
m = (xi, . . . ,Xi,0,. . . ,0) E C 2 " and u- = (0, . . . , 0, X(+i, . . . , X2n) E C 2 ™ for its 
projections to ^ and it^n-i- 

Assume first that £(A) + ^(/i) < n. In this case 8 intersects the diagonal, so 
N'(8) = 0. Since \\ < n and /ii < n we also have <i(#) = n. Let u = (xi, . . . , a;2„) E 
C 2 ™ be any vector such that x, 7^ and (u^, u^) 7^ for 1 < i < 2n. It is enough 
to show that Xg(u) = Xg. Set E = u / (u) and define isotropic flags in this vector 
space by E t = {{E i+1 + (u)) n (w) ± )/(u} and S° P = ((^ + (u)) D (u^/iu). For 
each i < n we have (Si + i + (w))n((£ , °^ 1 )- L + (w)) = (ui + i,ti- +1 ). By the choice of u 
we have (ui+i,u' i+1 ) 7^ 0, which implies that Ei n (-B^ ) _L = 0. Similarly we obtain 
(Ei) 1 - n S° p = 0, so the flags E. and E\ P are opposite. Identify X = LG(n - 1, E) 
with the set of point V E X for which u E V. Then we have I A (£.)nI = A (£.) 

and I"(£,°i>)nl= A M (^° P ), so A e (u) = Xg n A = A A (^.) n A M (^° P ) = Ag. 

Otherwise we have £(A) + l(p) — n and A^qj = IJ-e(a) = !• This implies that 
6> is disjoint from the diagonal, so N'(6) = 1 and d(#) = n — 1. For any point 
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V G X e we have dim(V n E n ) > £(X) and dim(V n £° p ) > e([i), so V = (V (~l 
-En) © (V fl -E° p ). It follows that every vector u G [j Xg satisfies (u n ,u' n ) = 0. 
We will show that \jXg C C 2n is defined by this equation. Let u G C 2 ™ be 
any vector such that Xi ^ for 1 < i < 2n, (u n ,u' n ) = 0, and («»,«£) ^ for 
1 < i < n — 1. It is enough to show that Xg(u) = Xj. Set E = U /U where 
U = {u n ,u' n ), and define isotropic flags in E by E% — ((-Ej+i + U) Ci U ± )/U and 
FJ° P = ((J5?P X + J7) n /7 J -)/C7 for 1 < i < n - 2. For each i < n - 2 we have 
(-Bi+i + J7) fl ((-E^+i)^ + ?7) = (u„,-u^,Uj + i,u'j +1 ), so our choice of u implies that 
E z n (E° P ) ± = 0. Identify X = LG(n -2,1) with the set of points V G X for 
which UcV. Then we have I A (£.)nI = X~ X (E.) and X^(£ op ) nl = X F (^ P ), 
where A = (Ai - 1, A 2 - 1, . . . , Xe(\) - 1) and pZ = (^i - 1, /J, 2 - 1, • . . , M*(m) - !)• We 
conclude that X e (u) =I 8 nI= X A (E.) n X M (E° P ) = Xg, as required. □ 

Proposition 5.3. For < p < n we have x x (®e ■ O p ) = h(N'(9),d(9) -p). 

Proof. Let Z = IF(l,n;2n) be the variety of two-step flags L C V C C 2 " such 
that dim(i) = 1 and V G X, and let 7Ti : Z -> P 2 "" 1 and ir n : Z -> X be the 
projections. Then 7Tn*7r* [0p(.E n+ i_p)] — O p G i^(X), and Lemmas 15.21 and 12.11 
imply that m^Gg = [C? Wi(w -i (Xg)) ] G i^P 2 "" 1 ). The projection formula gives 

Xx (Oe ■ On = X ^_ x {\0^- HXe)) \ ■ [O r{Bn+1 _ p) ]) . 

Lemma [5J shows that [0 Ti(n -, (Xe)) ] ■ [O r{En+1 _ p) ] = £2n-d W+P -i . (2 - i)^'W G 
^(P 2 ™- 1 ) = Z[t]/(t 2n ) and the proposition follows from this. □ 

Given a shifted skew diagram 9 and peZwe define 

(11) C(M= E (-lf H,pl h(N'(cp),d(<p)- P ) 

where the sum is over all shifted skew diagrams ip obtained by removing a subset 
of the south-east corners from 9. The dual Schubert classes 0* in the if -theory of 
X = LG(n,2n) is defined by the same expression (|9|) as for OG(n, 2n + 1). The 
identity Xx(®t ' C p ) = $v,ft an d Proposition 15.31 imply the following. 

Corollary 5.4. Let A C v be strict partitions with v\ < n and let < p < n. Then 
c\ tV =C{vl\p). 

The following result is our recursive Pieri formula for Lagrangian Grassmannians. 

Theorem 5.5. Let 9 be a shifted skew diagram and let p G Z. If 9 is not a rim 
then C(9,p) — 0. If p < then C{9,p) — 8$$, and C(0,p) is equal to one if p < 
and is zero otherwise. If 9 ^ is a rim and p > 0, then C(9,p) is determined by 
the following rules, with a = \9\ — \9\. 

(i) If '9 = and 9 meets the diagonal, then we have C(9,p) = S p \g\ — 5 p \g\—i if 9 is 
a column, and C(0,p) = 5 Pt \g\ otherwise. 

(ii) If 9 = and 9 is disjoint from the diagonal, then C{9,p) = 26 p \g\ — 5 p \g\_i. 

(iii) If 9 ^ and the north-east arm of 9 is connected to 9, then we have C(9,p) = 
C(9,p - a) - C(9,p - a + 1). 
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(iv) Finally assume that # 7^ and the north-east arm of 9 is not connected to 9. 
If a = 1 then C(9,p) = 2C(9,p — a) ~ 2C(9,p — a + 1), while if a > 1 we have 
C{9,p) = 2C(0,p- a)-3C(0,p-a + l) + C(9,p- a + 2). 

Proof. If 9 is not a rim, then let B £ 9 be a south-east corner such that 9 contains 
a box strictly north and strictly west of B. For any shifted skew diagram tp with 
9' Cpc9\{B}we obtain h(N'(tp),d(tp) -p) = h(N'(tp U B),d(ip UB)-p) and 
C(9,p) = 0. We also have C(0,p) = h(0, —p) which is equal to one when p < and 
zero otherwise. If 9 ^ and p < 0, then C(9,p) = Ee'c^c^- 1 )' 9 '^' = °- If ° is 
a row or a column and p > 0, then C(9,p) = h(N'(9), \9\ - p) - h(N'{6'), \9'\ -p), 
from which (i) and (ii) are easily checked. We can therefore assume that 9 is a rim, 
9 7^ 0, and p > 0. Let ^ be the north-east arm of 9, let B £ 9 \ #' be the south-east 
corner farthest to the north, and set tp' = tp \ B and 9' = 9 <~)9' . We have a = |^|. 
Let tp be any rim such that 9' C tp C 9 \ B. 

Assume that tp is connected to 9. If tp is a is a row attached to the right side of 
the upper-right box of 9, then we have 

(-l)!*!-!**-^! (h(N-(tp U tp), \tp U VI -p) - &(#~fo> U V), Iv U V'l - p)) 

= (_1)0-M (h(N-(<p), \(p\-p + a)- h(N-(<p), \tp\-p + a- 1)) 

which implies that C(9,p) = C(9,p — a) — C(9,p — a + 1) by summing over tp. If tp 
is a column attached above the upper-right box of 9, then ((SJ) implies that 

(-l)l e H<^] (h(N-(ip U tp), \tpUip\-p)- h{N-{tp UBUtp),\tpUBUtp\- p)) 

= (—1)1^1-1^1 (h{N-{tp),\<p\ -p + a)-h(N-(<pUB),\tpUB\-p + a)) 

- h(N~(ip),\(p\ -p + a- l)+h(N~((pUB),\<pUB\ -p + a-1) 

which again implies that C{9,p) = C(9,p — a) — C(9,p — a + 1), as required by (hi). 
Now assume that ip is not connected to 9. If a > 1 then 

(-l)\ s \-\v^\ (h(N-(tp U V), \tpUip\-p)- h{N-{tp U V'), \<P U VI - p)) 

= (_!)|SI-I*>I(2 h(N-(tp), \<p\ -p + a) - 3 h(N-(tp), \tp\- p + a-1) 

+ h(N-(tp),\tp\-p + a-2)) 

while implies that C(0,p) = 2C{9,p~a) -3C(0,p-a + 1) + C(0,p - a + 2). And 
if a = 1 then 

(-1)1*1-1*^1 (h(N-(tp U V), |y> U V| - p) - fc(i\r (y> U tp'), Iv U V'l - p)) 
= (_r/l-M ( 2 fc(jyr ft>), |p| - p + 1) - 2 fc(JV-(^), |p| - p)) 

implies that C(0,p) = 2C(9,p - a) - 2C(9,p - a + 1). This establishes (iv) and 
completes the proof. □ 

Let 9 be a rim. A KLG-tableau of shape is a labeling of the boxes of 9 with 
elements from the ordered set {1' < 1 < 2' < 2 < • • • } such that (i) each row of 9 
is strictly increasing from left to right; (ii) each column of 9 is strictly increasing 
from top to bottom; (hi) each box containing an unprimed integer must be larger 
than or equal to all boxes southwest of it, (iv) each box containing a primed integer 
must be smaller than or equal to all boxes southwest of it, and (v) no diagonal box 
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contains a primed integer. If 6 is not a rim, then there are no KLG-tableaux of 
shape 6. The content of a KLG-tableau is the set of integers i such that some box 
contains i or i'. The proof of the following corollary is similar to Corollary 14.81 and 
left to the reader. 

Corollary 5.6. The constant c\ for K(LG(n,2n)) is equal to (— \)\ v / x \~p times 
the number of KLG-tableaux of shape v /A with content {1, 2, . . . ,p}. 

It would be very interesting to extend this corollary to a full Littlewood-Richard- 
son rule for all the structure constants c\ of K(LG(n, 2n)). 



Example 5.7. Let X = LG(2,4), A = /i = (1), and v = (2, 1). Then c\ 
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Example 5.8. Let A = (6,4,1) and v = (7,6,3,1). Then the constant c 

for K (LG(7, 14)) is counted by the KLG-tableaux displayed below. Notice that the 

lower-left box of v/X is a diagonal box. 
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